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ABSTRACT 

Super symmetric monopoles of the heterotic string theory associated with arbitrary 
non-negative number of the left moving modes of the string states are presented. They 
include H monopoles and their T dual partners F monopoles (ALE instantons). Massive 
F = H monopoles are T self-dual. Solutions include also an infinite tower of generic T 
duality covariant non-singular in stringy frame F&H monopoles with the bottomless 
throat geometry. The massless F = -H monopoles are invariant under combined T 
duality and charge conjugation converting a monopole into anti monopole. 

All F&H monopoles can be promoted to the exact supersymmetric solutions of the 
heterotic string theory since the holonomy group is the compact 5*0 (9). The sigma 
models for monopoles, which admit constant complex structures, have enhanced 
world-sheet supersymmetry: (4,1) in general and (4,4) for the left-right symmetric 
monopoles. The space-time supersymmetric GS light-cone action in monopole back- 
ground is directly convertible into the world-sheet supersymmetric NSR action. 
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1 Introduction 



Supersymmetric gravity has been studied extensively over some number of years. The properties 
of the electrically charged supersymmetric solutions have been compared with the properties of 
the states in string theories [0. The results of such comparisons indicate that many of the 
electrically charged solutions have the interpretation as the string states. Much less is known 
about the magnetically charged solutions. From the point of view of the low-energy effective 
actions of supergravity theories, electric as well as magnetic and dyon configurations come out as 
solutions of semi-classical non-linear equations. None of these soliton-type solutions is directly and 
unambiguously related to a hnear system of excitations describing the quantum states of the string 
theory. However, the supersymmetric string theories and electrically charged solutions seem to 
have a particular knowledge about each other. The predictions about the properties of BPS string 
states sometimes were obtained in the framework of soliton solutions and sometimes vice-versa. 
One of the most striking examples of such predictions was the one from the string theory. The 
massless states with Nl = (where Nl is the number of left moving modes) were expected to 
describe the T-self-dual point of the theory [Q. Indeed, the corresponding "solitons" with the 
vanishing ADM mass were found to be a T-self-dual solutions of the supergravity theory In 
addition, they were identified with Nl = states of the heterotic string theory Q], 0. 

The massless magnetic monopoles are also very interesting solutions, however not much is 
known about them since the magnetic solutions have not been identified directly with excitations 
of any kind of a linear system. The best information comes from the conjectured S-duality which 
tell us that S-dual partners of massless electric solutions exist. The asymptotic form of magnetic 
solutions of the heterotic string with Nl > 1 was found in [|I| . The complete multi center magnetic 
solutions have been found recently [0 in the form of the T-covariant magnetically charged solutions 
of the heterotic string, defined by 28 harmonic functions. They have one half of unbroken space- 
time supersymmetry of the heterotic string theory. 

The interplay between the space-time supersymmetries and the world-sheet supersymmetries 
for the BPS states was first studied in connection with the heterotic instantons and solitons by 
Callan, Harvey and Strominger f^. The analysis was performed for the five-branes and related to 
them H monopoles 0, [0]. Now the large variety of more general magnetic solutions is available 
for which the interplay between the space-time and the world-sheet supersymmetries was not 
studied yet. 

The purpose of this paper is to study the generic class of the monopole solutions of the heterotic 
string theory. This means that we would like to find the exact ten-dimensional supersymmetric 
solutions which become monopoles of the four dimensional theory upon dimensional reduction. 
Some of them are expected to be massive, some massless. 

One of the purpose of such uplifting of the four-dimensional monopoles was to study the 
issue of anomaly related a' corrections to these monopoles and the corresponding world-sheet 
supersymmetric sigma models. Another reason was to understand better the massless monopoles. 
There was no information available about the behavior of the massless monopoles under T duality. 
Moreover, the T self-dual solutions in this class is already known |jlT[ : the uplifted a = 1 extreme 



massive magnetic black holes have such property. It seemed unlikely that both a = 1 as well as 
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the massless black holes can be both T self dual. Thus, we wanted to clarify what happens with 
massless monopoles under T duality. 



So far three types of monopole solutions of the heterotic string theory with half of unbroken 
super symmetry were known to be exact. For all of them the non-trivial part is a 4-dimensional 
Euclidean manifold or the 10-dimensional manifold with 5 flat spatial directions. 

i) The first type, known in the literature as H-monopoles was first discovered by Khuri 0. The 
embedding of the spin connection into the gauge group required the presence of the non-Abelian 
field in the solution. At the time of their discovery these solutions were interpreted as non-Abelian 
monopoles. Soon after this work Gauntlett, Harvey and Liu JlOl have established the relation 



between these monopole solutions and the five-brane solutions. They have also observed that the 
exact stringy monopoles of are actually not non-Abelian monopoles since the non-Abelian vector 
fields fall down faster than the monopole field would. Rather they are monopoles of a U{1) group 
resulting from the compactification of the antisymmetric tensor field B, which explains why these 
solutions are called H-monopoles. The world-sheet supersymmetry of this solution, including the 
non-Abelian fields, is known to be (4,4) which provides the proof of the absence of a' corrections 
0, [|12]. The relation between H-monopoles and extreme a = ^/3 magnetic black holes was realized 
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ii) The second type of known monopoles |Tj] if treated in the same spirit has the right to be 



called F-monopoles. Those solutions are stringy instantons with a constant dilaton, vanishing 3- 
form H and self-dual curvature in the four-dimensional Euclidean subspace of the five-dimensional 
Minkowski geometry. They represent the Asymptotically Locally Euclidean (ALE) gravitational 
instantonic backgrounds coupled to gauge instantons through the so-called "standard embedding" . 



These solutions were found to be T-dual partners of the H-monopoles [|I4[. The non-Abelian fields 
are required to be present in the solution for the exactness. The relevant non-Abelian fields also 
fall down as the dipole rather than a monopole field, only the U{1) field F = dA has a magnetic 
charge. The U{1) field A originates not in the antisymmetric tensor field but in the non-diagonal 
component of the metric in the uplifted solution. The world-sheet supersymmetry of this solution, 
including the non-Abelian fields, was found to be (4,4). These solutions from the point of view of 
the four-dimensional geometry may be also associated with the extreme magnetic a = black 
holes. 

iii) The third type of exact magnetic solutions of the heterotic string is the uplifted a = 1 



magnetic extreme black holes [|15|, [0 , supplemented by the proper non-Abelian field for the 
exactness ||T^. They were called "exact SU{2) x f/(l) stringy black holes". Besides one Abelian 
vector field U{1) they had a non-Abelian SU{2) vector field. These solutions were found to be 
T self dual |]TI|. In the spirit of giving to monopoles the name according to the name of the 
gauge fields with magnetic charges, this solution can be called F=H monopole. The world-sheet 



supersymmetry of this solution, including the non-Abelian fields, was found to be (4,1) |T^, [JIB 



which is sufficient to prove the absence of a' corrections |jT2 . 

In short, the first and the second type of monopoles related by T duality are 

(-^magn 0, -ffmagn) ''■ T ]• (-fmagn; -^^magn 0) (l) 
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The third one is T self dual 

(-fmagn -^^magn) T ]' (-ffmagn -^magn) (2) 



This picture of heterotic monopoles is obviously incomplete. One may expect to find supersym- 
metric monopoles with 6 U{1) fields H and with 6 U{1) fields F for the heterotic string compactified 
on a 6-dimensional torus. Those are solutions which we have found. Since they have both F and H 
fields with the proper fall off at infinity, and they interpolate between all three types of monopoles 
presented above, we call them F & H monopoles. Under the S duality our F & H monopoles 
transform into the electrically charged solutions. The electrical charge of the F-fields originates 
in the magnetic charge of the H fields and vise versa. In particular, solutions with only electric F 
fields become H monopoles and the electric solutions with only H fields become F monopoles. 

(-Pel, -f^el = 0) <^ S =^ (-^magn = 0, -f^magn) 

(-^el = 0, Hel) S =^ (-^magn, -f^magn = 0) (3) 



Having these solutions with unbroken supersymmetry in the leading approximation we may 
address the problem: which of these solutions are exact? We will find a simple answer: all of 
them, with 50(9) gauge group for embedding of the spin connection. (For all of those with SO {8) 
gauge group the enhanced world-sheet supersymmetry takes place). For all solutions which we 
will find, the non-Abelian part always falls off faster than a monopole. The 50(9) vector field far 
away from the core falls off as V"^^^ ~ and hence the corresponding field strength as ~ 
whereas the Abelian field strength Fij and Hij fall off as ~ e^j^x^ /r^. Therefore the name F & H 
monopoles remains valid for these solutions even after they have been promoted to the exact one. 
The world-sheet supersymmetry of F & H monopoles will be found to be at least (4,1) which is 
sufficient to prove the absence of a' corrections. 

Many new features of the F & H monopoles with none of F or H vanishing or equal to each 
other, can be seen already at the level of one F and one H field, i.e. at the level of the solutions 
which is non-trivial only on the Euclidean four manifold. In particular we will study the massless 
monopoles upon uplifting and the issues of T duality for this case and the structure of the non- 
Abelian vector fields. 



The paper is organized as follows. In Sec. 2 we present the most general known to us solution of 
the heterotic string theory in ten dimensions which is supersymmetric and magnetically charged 
asymptotically flat solutions upon dimensional reduction to four dimension. At this stage we 
consider only the leading order string equations and do not study the a' corrections; there are 
no non-Abelian fields present. However we have 6 U{1) fields H and 6 U{1) fields F as promised. 
In Sec. 3 we study the issue of the exactness of the general solution. We calculate the spin 
connection for the uplifted monopole solution and find how to promote it to the exact one. We 
find that the holonomy group of the spin connections of monopole solutions is 5*0(9). This comes 
as a nice surprise since the electric partners of some of our monopoles have a holonomy group in 



the non-compact part of the Lorentz group [T^. Therefore the issue of exactness of these 



electric solutions is not clear. However, all magnetic solutions are fine and can be made exact by 
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supplementing them by the non-Abehan fields. In Sec. 4 we study the world-sheet supersymmetric 
sigma models. For the most general monopoles we find (1, 1) supersymmetry. To get the 
extended ones we study the monopoles and find (4,1) or (4,4) supersymmetry. In Sec. 5 the 
monopoles are studied in detail. Finally in the Appendix A we have the spin connections and 
the details about the holonomy group of the monopoles. In Appendix B we focus on subtleties of 
a multi-monopole solutions with more than two centers. 



2 Heterotic monopoles 

The leading order heterotic string equations can be derived from the following Lagrangian (we 
write the lOd fields with a hat): 



This action is the bosonic part of the pure c? = 10, = 1 supergravity. We do not add any Abelian 
vector fields which would be responsible for the 16 vector multiplets in toroidal compactification 
of the heterotic string on T®. From this action we would get only 6 vector multiplets in = 4. 
The reason for not working from the beginning with Abelian vector multiplets in addition to 
the gravitational multiplet is that we will need the non-Abelian vector multiplets in c? = 10 to 
keep supersymmetry with account of quantum corrections. Let us start with the solution of this 
10-dimensional theory and later we will discuss the corresponding 4-dimensional theory. 

A. Solution in D = 10 

We assume that the fields depend only on three coordinates (x*) and denote the internal 6 coordi- 
nates by x". Thus we are looking for the static solutions with isometries in all 6 internal directions. 
All fields are constructed out of 12 harmonic functions. 

The lOd metric is then given byQ 




(4) 
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dx'dx' + {dx^ + Af^'^dx') Ga^p {dx^ + A^i^^dx') 



ds 



+ e 



(5) 



2(|X«P-|X^P) 



Gal3 — ^al3 



where and define the 12-dimensional harmonic 0(6, 6)-vector 





(6) 



For the dilaton we find 




(7) 



3We use the notation xf„xf) = UXaXp + XaXp) and xf„xf] = ^(XaX^ - XaXp)- 
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(8) 



The lOd antisymmetric tensor components are given by 0. 

Both Kaluza-Klein gauge fields are pure magnetic and given by 

( ^1) ) = v^e^.-^™ ( _\ 1 ) ( |r ) = v^e..rn5^ ( I fn ) (9) 
The first six vector field strengths 



= diAf^" - 9,4'^° = F (10) 

are build out of the non-diagonal component of the metric Qi"' = aI^^". When this magnetic field is 
present in the solution we will call it F part of the monopole solution. The second set of magnetic 
vector fields is based on the antisymmetric tensor fields 

Fjfl = d.Afl - 9,42 = H . (11) 

In the simplest case when Baf^ or 4^''°^ fields are absent 

= d^B^j - djB^^ , (12) 

as it follows from eq. (H). Thus we will call the non- vanishing magnetic charges in the Fj^p sector 
the H part of the solution. 

All solutions above have one half of ci = 10, = 1 supersymmetry unbroken. This follows from 
the fact that we have found these solutions by performing the supersymmetric uplifting of the BPS 
solutions of d = 4, = 4 theory [0. For the choice of asymptotically fiat configurations which we 
adopt in this paper, the supersymmetric uplifting can be performed by using the procedure and 
notation of Maharana-Schwarz theory pO[ and developed by Sen [||. If we would be interested 
in configurations which are not asymptotically fiat, one would have to switch to the more general 
case of dimensional reduction and use the work by Chamseddine This would give the correct 
assignment of the fields to various supersymmetric multiplets. 

As was already explained, the reason we call solutions (^) F& H monopoles is the fact that they 
become magnetically charged solution with two sets of vector fields, F and H, upon dimensional 
reduction. Specifically, the 0(6, 6)-invariant bosonic action in the form of Maharana-Schwarz |^U[ 
and Sen [|l| is 

S = — [ d^xV- det G e-2<^ \Rg + iG^'^d.^d^cf) + -G^^Trid.MLd^ML) 
IGvr J L 8 

-^{H,.pY - \g^'' G'^'^' F^, [LMLUFl,,] . (13) 



^For the multi monopole solution of the generic type with more than two centers there is a subtlety concerning 
the status of Bn. terms. This will be discussed in Appendix B. 
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This is a bosonic part of = 4 supergravity interacting with six = 4 vector muhiplets. There is 
one vector field in each vector supermultiplet and 6 vector fields in supergravity multiplet. We are 
looking for the solutions in which all vector fields are magnetic and there are no axions H^yp = 0. 
The magnetic potentials for 6 graviphotons are Xa magnetic potentials for the six vector 

multiplets are Xa- They are all harmonic functions, as shown in eq. (P). 

B. Solution in D = 4 



The four-dimensional supersymmetric solution corresponding to the uplifted supersymmetric so- 
lution in eq. (|]) is given by [0 



(is2 ^ _^^2 ^_ e-^u^^ ^ g-4c/ ^ 2 x^Lx = e^^ = 2(|x^|2 - \x 



•L|2^ 



M = li2 + 4e4^ 



V XaXj^ ^XaX^ 



(14) 



9p - r) ( ^ 



where ^ = ^ir^- The canonical four-dimensional metric is 



The one center solutions can be taken in the simplest form 



X 



p 

•Ij vec 



n 



X 



+ 



gr 



V2 2|x| 



n 



For this spherically symmetric solution |x| = y {x^y + (x^)^ + {x^^ = r. It may be 
rewrite the expressions for F and H in an explicit form in terms of magnetic charges. 



1 x^' 



where we have defined 



V2 



Pf 
Ph 



P + P 



p - p 

^ gr ^ vcc , 



X 



Pf 



(15) 

(16) 
useful to 

(17) 



H 



V2 



(Pgr Pvec) ■ 



(18) 
(19) 



Using S duality one can convert the monopole solutions into electrically charged ones. 
The electric solution is given by the following formula 

dsl^ = -e'^'dt' + dx' , e^^ = e'^ , E^^ = ^e^^(A^L),, d,x' , (20) 
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where U and Ai are defined in eq. (|T^) and E^^""^ is the electric field. E^""^ = F^f^ . One can see from 
this formula that the reason why the vector multiplet charge changes the sign during S duality is 
the following. The asymptotic value of the matrix A^L is 

Therefore the upper part related to vector multiplets changes the sign whereas the lower part 
related to does not change the sign. It follows that the magnetic charges of the graviphotons 
become the electric charges of the graviphotons 

Pgr * ' "S* ] ' Qgr (22) 

and the magnetic charges of the vector multiplets become electric charges of the vector multiplets 
with the opposite sign 

Pvec S ]' Qvec (23) 

Thus S duality trades F for H fields and vise versa. 

-Pmagn S =^ Hgi (24) 

-f^magn S =^ F^l (25) 

We have presented in the classification of the monopoles via the classification of their S 
dual electric partners for which the relation to the elementary string excitation is available |1| , [0] . 
Since all solutions which we consider are supersymmetric the right-moving oscillator modes have 
Nn = |. For the left-moving part we obtain 

Nl-1 = 1{QI-QIJ M' = ^Ql. (26) 
The electric solution (EDf) describes the following states: 



1) Nl = massive and massless white holes 

2) Nl = 1 extremal a = ^/S black holes. 

3) Nl > 2 discrete set of extremal black holes (for = Nl — 1 they reduce to a = 1 black holes). 

Our magnetic configurations (^ can be also associated with various values of Nl via the relation 
(we consider one center solution here) 



Nl-1 = ^{Ql - QlJ = i(P|, - PL) = (Pf ■ Ph) , = . (27) 



1) Nl = massive and massless monopoles 

Pf-Ph = -1, {P^ - PL) = -2 , (28) 
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where the massless hmit is given by 

Pf + Ph = 0, Pgr = 0, P4 = 2. (29) 

2) Nl = 1 monopoles 

Pp ■ Ph = , Pgj. = P^c • (30) 

Obviously H monopoles satisfy this constraint since for them F = 0. However, any solution with 
F -H = also represents an Nl = 1 state. In particular, if = or any solution with non- vanishing 
but orthogonal F and H also belongs to Nl = 1 state. 

3) Nl > 2 monopoles 

Pf-Ph>1 ■ (31) 
In the special case = Nl — 1 they reduce to a = 1 extreme magnetic black holes with 

Pf-Ph = 0, Pvcc = . (32) 

The remarkable feature of all F & H monopoles with Nl > 2 was observed in In the stringy 
frame in the four- dimensional geometry they are completely non-singular solutions. We get for the 
metric at r — > 

dsl^ = -de + 2(1x^1' - \x''?)dx' ^ -de + dp" + {Pf ■ PH)d^n (33) 



where dp = y Pf ■ Pudr/r. Hence, in this limit the 4-dimensional solution is given by a bottomless 
throat (M2 X 5*2), with the radius squared given by the scalar product of both charge vectors. 
By identification with the string excitation we find that the radius squared has to be quantized 
{Pf ■ Ph = {Nl — 1) > 1) and we get the limiting metric in the form 

dsl, ^ -df + dp^ + {Nl - l)d^n (34) 

Obviously, for any Nl = 1 {Pf ■ Ph = 0) excitation the radius of the throat vanishes (singularity) 
and for Nl = the throat shrinks to zero already at finite r = > 0. The expression for the 
scalar curvature was calculated in [0 . Using our new notation which focus on the presence of the 
F and H charges, defined in eqs. (|19D we have 

^ ^ _ 2(4P^ ■ PhY - 8M{APf ■ PhY + 4(6M^ - {APf ■ Ph)^' ^3^^ 

((4P^-Pff)+4Mr + r2)^ 

Looking on the denominator of this expression one can see that the solution is non-singular for all 
positive (Pp ■ Ph)- In terms of dual string states this scalar product has to be a positive integer 
defined by (Pp ■ Ph) = {Nl — 1) for Nl > 2. The maximum curvature for these solutions is reached 
at r = and is equal to 
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3 Stringy a' corrections to F & H monopoles 



There is a strong belief that supersymmetry estabhshed at the classical level will be preserved 
with the account of the quantum corrections in absence of anomalies. However, when anomalies 
are present the preservation of supersymmetry and the issue of BPS states in general are not 
clear. In some particular situations one can study the quantum corrections to the supersymmetry 
transformations which are due to anomalies. This has been worked out specifically for the anomaly 
related a' corrections in the heterotic string theory. The relevant supplement to the 10-dimensional 
action (^) includes the Yang-Mills field and the generalized curvature coupling (with torsion) 

a' {Tr{R_f - TrF^) (37) 

where the Trace operation in the Tr{R_Y is over the non-compact Lorentz group S'0(l,9) and 
the one in the Yang-Mills TrF"^ is over the compact SO{32) or x Eg. The BPS configuration 
which solves the leading order equations supplies the information about the generalized curvature 



which gives the first term in eq. (|37|). When the generalized ten-dimensional curvature R-ab 
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has a nonvanishing value in the non-compact direction of the Lorentz group, i.e. 

R-ab'"" ^ (38) 

there is no possibility to use the standard procedure of the spin embedding into the gauge group. 
However, when 

R-ab'"" = , (39) 

the spin connection can have a maximum holonomy group 5*0(9) which is compact. In such 
situation one can use the standard procedure of embedding of the spin connection into the gauge 
group. The advantages of this are 

1. The anomaly related a' corrections to the equations of motion in the effective theory, to 
the action and to the space-time supersymmetry rules vanish. The detailed description of the 



procedure can be found in |22 . 



2. In terms of the world-sheet supersymmetry embedding of the spin connection into the gauge 
group means the following: one can start with the (1,0) supersymmetric model and enhance this 
supersymmetry to (1,1) world-sheet supersymmetry. This is believed to be necessary for avoiding 
chiral anomalies in the left-right asymmetric case. The details of this procedure can be found in 



The procedure of correcting the supersymmetric solutions via spin embedding into the gauge 
group was applied before to many BPS solutions, starting with the symmetric version of the five- 
brane M. The same procedure was also applied to H monopoles [0], to F monopoles |M and to T 



self dual monopoles [|T^. Typically for all these solutions the Yang-Mills field to be added to the 



solutions was part of the 5*0(4) gauge theory. In application to the gravitational waves and 
to the generalized fundamental strings |Q the corresponding gauge group was found to be 5*0(8). 



It was known however, that the uplifted electrically charged a = 1 black holes have the non- 
compact holonomy group of the generalized spin connections [0]. In more general models, chiral 
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null models of Horowitz and Tseytlin |T9[, the holonomy group of the generalized spin connections is 
also not compact [19| since it includes the non-compact Abelian subgroup of the Lorentz group. For 
these solutions the possibilities of restoring the unbroken supersymmetry of the classical solution 
in presence of oi corrections are not clear. 

For the generic F & H monopoles the non- Abelian group was not known before, since to find the 
gauge field one has to calculate the spin connection with account of the torsion. We will first study 
the general solution and find that the holonomy group of the generalized spin connection is the 
compact group 5*0(9). This solution has a non-trivial metric in all 9 directions but time, therefore 
we will sometimes call it M^. We will describe this most general solution and the corresponding 
(1,1) supersymmetric sigma model. Afterwards we will focus on the slightly less general solution 
which can be embedded into S'0(8) and whose geometry is non-trivial on Euclidean manifold. 
For this solution we will study the extended supersymmetries on the world-sheet. The reason for 
this is that to enhance the single world-sheet supersymmetry (1,0) to (2,0) one has to consider a 
manifold of even dimension and to enhance it to (4,0) one need a manifold of dimension 4n with 
the integer n. 

Finally we will perform the detailed study of F & H monopoles with account of a' corrections 
in the simplest case of monopoles which have a non-trivial geometry in the four-dimensional 
Euclidean space. The relevant gauge group will be again the 5*0(4). 

In this section we will have to introduce the set of notations suitable for dealing with vielbeins 
and spin connections. We will use the base manifold coordinates on and denote them = 
{t; X- = {x^, x^, x^); x" = {x'^, . . . , x^)}. The tangent space will be introduced via the zehnbeins 

E^ = E^Mdx^, E^ = {e°;e^E"} i = 1, 2, 3; a = 4, . . . , 9 (40) 

The uplifted monopoles metric (1) can be rewritten in the form: 

ds^ = -(e°)2 + (e^ + {E'^f = E^vabE"" (41) 

where 

e° = dt (42) 

= e-^^dx%^ (43) 

= E\(c/x° + A^^^Va;^) (44) 

and the tangent space metric is rjAs = { — 1, +1, . . . , +1}. The explicit expressions for the six- 
dimensional vielbein E^-a and its inverse E'^a is defined in terms of our 12 harmonic functions 
and can be found in the Appendix A. Thus it is clear from eq. (^) that the most general 
monopole solution in this class has a non-trivial nine- dimensional Euclidean manifold M^. The 
spin connection one-form will be defined as 

Wab = Wab^cE"" (45) 

with the standard definition of Wab,c in terms of zehnbeins and its derivatives. To build the 
generalized spin connections we need also the tangent space 3-form Habc- 
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The objects of interest are the torsionful spin connections 



^±AB = {Wab,c ± Habc)E'^ = Was ± Hab (46) 

Our tangent space group is the Lorentz group 50(1,9) with 45 generators, 9 of them are boosts 
and 36 are 5*0(9) rotations M^-^: 

M^^ = [b^ = M[°^1, M^-^} , /, J = 1, . . . , 9. (47) 

The boosts generators B^ = {M^'^^\ M'^"'} are responsible for the non-compact directions whereas 
M^'^ = {M^^^\ M'"''], M'*"]} are responsible for the 5*0(9) rotations. In principle the generalized 
spin connections may take values in any part of the Lorentz group, in compact part as well as in a 
non-compact one. We have found that for all F & H monopoles both the metric spin connections 
Wab as well as torsion part of the spin connection Hab = HabcE^ take values only in the 50(9) 
rotation part of the Lorentz group. 

f]±07 = n^ij ^ . (48) 

The holonomy algebra of the generalized spin connections is the algebra generated by the M^'^ and 
the holonomy group is 50(9). We have performed the explicit calculation of the metric part of the 
spin connections adapting to our case the well known formulas of Scherk and Schwarz The 



50(9) Yang-Mills one- form field is given by the non- vanishing components of VL_ij spin connection 

Vij = Vij^kE^ = ^-ij 

The details of the calculation and the expression for Q±ij can be found in the Appendix A. The 
net result for the Yang-Mills vector field is 

Vij, = Vij,K = {Wij, K + Hjjk) 

The first two indices are the indices of the 50(9) gauge group and the third one is a space-time 
index (in the tangent frame). The zero space-time component of the tangent space vector field 
vanishes for all solutions: this means that the non-Abelian field is also of a magnetic nature. It 
is therefore tempting to find out if the 50(9) field Vjj^k carries any magnetic charge. For this 
purpose we note that far from the core of the monopole (we study the one-center solution here) 
the vielbeins behave as 

Therefore the metric spin connections, which depends on vielbeins and derivatives of the vielbeins, 
behave as 

Wij,K r + ^ + . . . 

The same large distance behavior can be observed for the torsion part of the spin connection. 
Indeed the curved space 3-form consists of the derivative of a 2-form field which behave as 

/l /2 

Bmn ~ / H \- — + . . . 

ry ly ^ 

The 3-form therefore behaves as 

J^MNL ~ -;t H ^ + . ■ . 
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Thus all F & H monopoles have the non-Abelian vector field which comes from the embedding of 
the spin connection into the gauge group SO (9) and at large distances falls off as 



02 as 
yij,K ~ ^ + ^ + • • • 

The Yang- Mills field strength would fall off as ^. The situation is exactly the same as described 
in 



p!0[| for the H monopoles: there is no magnetic charge associated with the non-Abelian part 
of the solution, we have only F & H magnetic charges associated with the Abelian vector fields, 
which we have discussed above. 

Since we have established that all F & H monopoles can be supplemented by the non-Abelian 
5*0(9) field via spin embedding one can address the issue of the world-sheet supersymmetry of the 
heterotic string theory in the generic monopole background. 



4 World-sheet actions for and string monopoles 

After the four dimensional monopole solutions have been interpreted as solutions with unbroken 
supersymmetries of the effective action of the heterotic string theory in critical dimension, one can 
construct a supersymmetric sigma model in an uplifted monopole target space. The details for 
the special case of the uplifted a = 1 black holes can be found in . The most general monopole 
solutions with SO {9) non-Abelian gauge field defined by 12 magnetic charges suggest the following 
(1, 1) supersymmetric sigma model [[T^ . 



7(1,1) = / (fz(fe{Gu + Bjj)D+X^D^X^ , (49) 
where the unconstrained (1, 1) superfield is given by 

x^{x^, e+, 0-) = x^{z) + e+\+\z)Ei^-{x) - e-xJ{z)Ej^{x) - e+e"F^{z) . (so) 

This theory is defined in the Euclidean 9 dimensional manifold given by the components of 
the 9x9 sector of the monopole solution (|^), (||). 

To find out the class of monopole solutions for which the extended supersymmetry can be 
established we will limit ourself to the case when one of the directions in the internal 6 manifold 
is fiat. Let X9^ = = 0. This solution is the one defined in eq. (|^) but characterized by ten 
harmonic functions instead of twelve. This monopole solution has very special properties. The 
non-trivial background is in only 

GMNdx^^dx^ = -dt^ + {dxy + e~^^dx'dx' 

8 

+ 5](rfx° + Aprfx*) (c/x^ + Apc/xO (51) 

4 

The lOd antisymmetric tensor components Bmn = [Bap , Bia) , a = 4, ... 8 are given in eq. (^. 
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We may rewrite the geometry ( pT] ) of the monopoles as the function of ten harmonic 
functions 



ds"^ = dudv + Gu{xa^,Xa^)dx-dx- J, /=!,..., 8 u = -t + x^ , v = t + x^ (52) 

Bu = Bij{Xa\Xa'') a = 4,... 8 

and we may also see that only Bij_ are non- vanishing and are given in eq. The main property of 
monopole background is: one can prove that the Green-Schwarz and Ramond-Neveu-Schwarz 
formulation of the superstring are equivalent in this background. The light-cone action of one 
theory can be transformed into the light-cone action of the other theory by converting 5*0(8) 
spinors into SO (8) vectors. 



To prove this we will study the conditions of such equivalence, as given by Hull in |25 



i) The non-trivial part of the background in the stringy frame has to describe an 8 dimensional 
Euclidean manifold 

ii) The background has to admit a sufficient number of supercovariantly constant Killing 
spinors. This allows to construct at least 3 almost complex structures in the right and/or in 
the left-moving sectors of the theory in which Killing spinors exist. 



The equivalence theorem proved by Hull and also the study of supersymmetric sigma 
models by Hull and Witten |26| and Howe and Papadopolous [1^ indicate also that for some 



backgrounds for which in addition 

iii) the Nijenhuis tensor vanishes, one may find the enhancement of supersymmetry from 1 up 
to 4 in each of the right or left moving sectors of the theory where these complex structures have 
been found. 



All three conditions are met for monopoles. We will find that the world-sheet action in 
the monopole background has an extended (4, 4) supersymmetry for all solutions with A^^^, = 1 
and (4,1) for the rest. We may again use the (1,1) action as given in eq. (|49|) , however now 
/, / = 1,...,8. Upon integration over the fermionic variables and elimination of the auxiliary 
fields we get 

S = I drdaliGu + Bij_)d,x^d-,x^ + J^'''^ X+Y - iXJiy^-^X-Y 

~ -^R^u,KL^+^ ^+'^ ^-^ + -^R\j,kl^-^-'^^+^^+^] ■ (53) 

The right (left)-handed fermions (A-^) have covariant derivatives with respect to torsionful 
spin connections f2+ (^-)- The torsionful curvatures R± = dfl± + Q± A Q± have the exchange 
properties 

R\%l = RPljj ■ (54) 
For our monopoles with the non-Abelian 5*0(8) fields the torsionful curvatures are given by the 
Yang-Mills field strength which due to spin embedding is equal to R\jkl ^'^d by the gravitational 
torsionful curvature R^ukli which are related to each other by eq. (|5^) . 
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This action has more of the extended supersymmetries for our monopole solutions. Indeed, 
one can find the set of three almost complex structures by building them in terms of the bilinear 
combinations of Killing spinors of our background. The corresponding commuting normalized 
spinors are a^, Z?*^™-'^, m < 7 where p is the spinorial index of the S'0(8). The complex structure 
Jkl with all required properties was found in |^ to be 



Jkl^"^^ = /3f Vg^a^ . (55) 

Although the number of such almost complex structures can be as large as 7, we are interested 
only to find at least two, the third one being defined by the two. If there are more than three, the 
target manifold is reducible. The counting of complex structure proceeds as follows. For solutions 
with Nl = 1 for which the square of the right-handed magnetic charge equals the square of the 
left-handed magnetic charge, the theory can be embedded into the type II superstring theory 
(or into = 8 supergravity at the level of the effective four- dimensional action). This solution 
has left-right symmetry and therefore it has one half of unbroken supersymmetry in both left- 
and right-handed spinors, i.e. for our Pp ■ Ph = monopoles we have the double set of almost 
complex structures. Thus for = 1 monopoles one can expect the enhancement of world-sheet 
supersymmetry from the manifest one in eq. (^) which is (1,1) up to (4,4) if all necessary 
properties of the complex structures will be established. 

For all infinite tower of other solutions with = 0, = 2,3, . . . ,n the left-right symmetry 
is broken since P| = Pl + 2{Nl — 1)) and therefore P^ ^ Pi- The space-time Killing spinors exist 
only in the right moving sector, the left moving one does not have unbroken supersymmetries. 
These solutions have one half of unbroken supersymmetry of the heterotic string (and only one 
quarter of type II string). Therefore one can construct the complex structures out of space-time 
Killing spinors according to Hull's prescription (|55D only for the right-moving modes. Therefore, 
for these solutions the expected world-sheet supersymmetry enhancement is going to be (4, 1) 
under condition that the algebra of these extended supersymmetries closes. 

Now that we have established that we do have enough of almost complex structures, since we 
deal with configurations with unbroken space-time supersymmetries, the crucial question remains 
whether the commutator of two supersymmetries closes for some of our monopoles or for all of 
them. This does not seem to be a property of an arbitrary background even with unbroken 
supersymmetries. The right hand side of the commutator of the first supersymmetry with the 
one induced by the existence of a covariantly constant almost complex structure J depends of the 
Nijenhuis tensor 

Nfj = J''iJ''ij,L] - J'-jJ^HM . (56) 

In this expression comma means a derivative. For a generic solution with unbroken supersymmetry 
the complex structure j is covariantly constant, but not necessarily constant, which would force 
terms like J^[j^l] to vanish. Therefore the Nijenhuis tensor does not vanish in general and there- 
fore one does not find the enhancement of supersymmetry for any supersymmetric background. 
However, we have found that for our monopole solution the Nijenhuis tensor does vanish, 
which provide the closure of the algebra of the extended supersymmetries on the world-sheet. The 
reason is that all magnetic solutions of the heterotic string have Killing spinors in the stringy 
frame which are constant. This property of monopoles provides constant complex structures j 
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with J^[j^L] = 0. Indeed, in canonical frame 



e--(x) = e^eo , (57) 



where eo is a constant spinor. For all magnetic solutions with [7 + = this means that the 
covariantly constant spinor in stringy frame is a constant spinor! 

e''' = eo (58) 

This property was observed for the five-branes and H monopoles before 0, where it was also 
used for the enhancement of world-sheet supersymmetry. For a = 1 magnetic black holes it was 
also found that in the stringy frame the Killing spinors exists globally since they are constant. 



Now we have verified that for the total family of pure magnetic solutions in the stringy frame the 
Killing spinors are constant. This can be done for example by observing that the Killing spinor 



for the 0(6,22) covariant electrically charged solutions was found by Peet to be of the form 
(|57|) . By S duality it follows that for all magnetic solutions Killing spinors are constant in stringy 
frame. 

Thus monopoles (|5TD with 5*0(8) non-Abelian gauge fields formulated in the stringy frame 
have the following properties: 

i) non-trivial 8 dimensional Euclidean geometry and unbroken space-time supersymmetry which 
exists globally: the Killing spinors as well as the complex structures are constant 

ii) Nl = 1 solutions correspond to sigma models with (4, 4) world-sheet supersymmetry; the GS 
formulation of the type II superstring theory with manifest space-time supersymmetry is equivalent 
to the NSR form with the world-sheet supersymmetry: the world-sheet (1,1) spinor X^^,X^_, which 
is also an 5*0(8) vector is converted into the space-time 50(8) spinors 5"^, 5"^ using the normalized 
commuting Killing spinors a^, oP of the monopole background: 

= a^45'^ , A^_ = aW,,S^ ■ (59) 

iii) Nl = 0,Nl = 2,3,...,n solutions correspond to the sigma models with (4,1) world- 
sheet supersymmetry; the GS formulation of the heterotic string theory with manifest space-time 
supersymmetry is equivalent to the NSR form with the world-sheet supersymmetry. However, for 
these backgrounds only the right-handed space-time supersymmetry is available. All left-handed 
supersymmetries are broken. Therefore only the right-moving world-sheet spinor can be converted 
into the space-time spinor 50(8) vector 

= c^H.S'^ ■ (60) 

All solutions in the group = 2,3, ... ,n are described by the non-singular bottomless throat 
geometry. 

The monopoles seem to provide the best laboratory for the exploration of the space-time 
supersymmetry versus world-sheet supersymmetry. 
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5 Exact F & H monopoles on 



In this section we are going to discuss special examples of our solution for the case that the 
spatial part is 4-dimensional, i.e. if we have only one non-trivial internal direction, x'^. Most of 
the relevant features of F & H monopoles are already present in this case. Similar to the for 
special configurations we can here expect an enhancement of the world sheet super symmetry. 

We start with general 5-dimensional solution and then we will consider special examples. For 
that it is reasonable to rotate our harmonic functions into a new basis by performing the 0(1, 1) 
transformation 

The metric and the dilaton are then given by {y = , . . . x^) 

ds^ = -de + df + Ax^'^x^^^dx^' + ^ [dx' + A^^dx'f e^<^ = Aix^^^Y . (62) 

The non-diagonal term in the metric is defined as 

F = = d,Af^ - ) = 2e,,„.d^x^'^ (63) 
The nontrivial part of the 3-form field defines the second gauge field 

H = Fif = diB,, - d,B^, = 2e,,mdmX^^^ (64) 

We would like to understand the T duality properties of the uplifted F & H monopoles. For this 
purpose we will perform Buscher transformation over the solution. The result is very simple: 
one has to change x''^'* into x*-^^ and back: 

X^^) x^'^ (65) 

i.e. the compactification radius (744 is inverted and the two gauge fields F&H are exchanged. 

The Yang-Mills fields which have to be added to the solutions for avoiding a' corrections to 
supersymmetry parameterize an 50(4). We will have the space-time indices in a lower position 
and the Yang-Mills one in the upper position. In the tangent space there are no zero components 
of the vector field, which means also that there are no time components in the curved space. 

Vo'^ = Vo'^ = = Vt'^ = 

The vector components are 

= e'^S,[,d, {\nx^\^'^) V^' = ^e'^eu^d^ (^In (66) 
The fourth components of the vector fields which become scalars in four dimensions are 



V^'^ ^ = -le^'^e.^mdm (inx^X^^O V,^' ^ = ^e^^c?. (in ^] (67) 



Under T duality we have again to exchange x^^^ ^ind x^'^^ which means that only V/*^ and 
change the sign. 
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Let us establish the connection with the previously known exact heterotic monopoles 



A. H monopoles (Nl = 1) 

For this example the F field ( |5BD is absent, 

F = . (68) 

We choose for the harmonic functions 

X^^) = l/2 , x^'^ = l/2 + l/v^Ep^- (69) 

We have taken here the general ansatz as a multi center solution. This, however, is only consistent 
if we restrict the positions or the charges at the centers. We will come back to this point at the 
end of this section. Our solution on becomes then 

= -dt"^ + V-^{dx'dx' + dx^dx^) , F = 

(70) 

and only is non-trivial. The Yang- Mills fields are 

Vi'^ = -26i iid,]V = euAV (71) 

= e^^md^y = diV (72) 

This solution with A^^^^ = 1 has self-dual Yang-Mills fields as different from the general case (|66|) , 

Vj"' = ]^e,k^Vi^^ , = ]^e,um^^^ (73) 

This self-duality is the source of the enhancement of the left-handed supersymmetry, since the 
integrability condition for the Killing spinors is available. This allows to promote this Ni = 
1 solution to a supersymmetric solution of the type II string with one half of supersymmetry 
unbroken. It results also in (4,4) world-sheet supersymmetry for the corresponding sigma model. 

B. F monopoles (Nl = Ij 

This is another example with the same left-handed oscillation number. Now, the H field (p3) is 



absent 

H = . (74) 

We take the harmonic functions 

c X Xa\ 



^The M magnetic solution without the non-Abehan part was presented recently in pC 
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Now the 3-form and the dilaton is absent and the non-trivial metric on M'' is the self-dual multi 
center metric 



where 



ds^ = -dt"^ + V-'^dx'dx' + V^{dx^ + iUidx'y, H = 0, e^^ = I (76) 

V-^-^ = ^ + E^^ (77) 

V{y-^) = V X (78) 

This is the multi center Gibbons-Hawking metric [^. Special cases are: e = 0, s = 1 (one center) 
which is the flat Minkowski space, e = 0, s = 2 (two center) is the Eguchi-Hanson instanton and 
for e = 1 this metric corresponds to the multi- Taub-NUT spaces. Again we have certain restriction 
for the charges or positions of the center (see below). 



Under Buscher duality transformations |^ F monopoles are transformed into the H monopoles 
and back. This is obvious from the fact that under this duality transformation both gauge fields 
are exchanged. 

The F monopoles Yang-Mills fields are 

Vi'^ = -2Si V = -eumdmV (79) 

= e^jrud^mV = -d,V (80) 

This solution with A''^, = 1 has anti-self-dual Yang-Mills fields as different from the general case 

(H), 

Vi''' = -^eikmVi'"' , = -ie,fe„$'="^ (81) 

Here again we are dealing with enhanced supersymmetries. The solution has one half of unbro- 
ken supersymmetries in the type H string and on the world-sheet we have a (4,4) supersymmetric 
sigma model. 



C. T self dual monopoles (Nl > 2) 

We know that under T-duality both gauge fields get exchanged. Therefore to have a self dual 
solution we assume that both gauge fields (|63| ) and ( |64|) are equal (x*-^-* = X^"^^) 

F = H . (82) 



It corresponds to uplifted a = 1 extreme massive magnetic black holes [TT[. In notation of this 
paper they have = and 

X« = x^'^ = 1/2 + 1/V2 E = X (83) 

The non-trivial metric on and the dilaton are 

ds^ = -de + e^^dx'^ + (dx^ + Af^do^)" e^^ = 4(x)' . (84) 
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The Yang-Mills part of the solution is 



Vi'= = -25iy,d,^e-''^ Vi'^ = Q (85) 
The fourth components of the vector fields which become scalars in four dimensions are 

= ei.Ae-^^ = (86) 



This is an SU{2) non-Abelian field in agreement with |jT^. The Yang- Mills field here is not self- 
dual. Therefore this solution can be embedded into type II string only as a solution with one 
quarter of supersymmetry unbroken, since all left-handed supersymmetries are broken. This leads 
to (4,1) supersymmetry on the world sheet, i.e. the enhancement of supersymmetries takes place 
only in the right-handed sector of the theory. 



D. Massless monopoles (Nl = 

These solutions are given by = const, which means that both gauge fields (^3p and ( p^ ) differ 
only by a sign 

F = -H . (87) 

Thus, we define our harmonic functions as 

X^^) = 1/2 + 1/ V2 V -^^^^ , x^'^ = 1/2 - 1/V2 V -^^^^ (88) 
The metric and the dilaton are now 

-v(2) 9 

ds^ = -de + Ax'^^h^^^dx'^ + ^ [dx^ + J^pdx") e^<^ = Aix^^^f . (89) 

This solution describes in four dimensions a massless monopole that was uplifted into the 5- 
dimensional stringy geometry. 

Under T duality transformation the massless uplifted monopoles are not invariant since x*^^^ 7^ 
X*^^\ If we would perform Buscher |^9| transformation over the solution and combine it with the 
charge conjugation Q 

X^^^ ^ T, ^ X^'^ (90) 

(Pvec)s ^ C ^ -(Pvcc)s (91) 

we would find that the solution is invariant. Indeed, for the massless monopoles 

X(^) ^ T,xC ^ X^'^ (92) 
X^'^ ^ T,xC ^ X^'^ (93) 

This property of the massless monopoles was not predicted before and the fact that it involves T 
duality and changing the monopole into the anti-monopole x C does not seem to follow from 
any known principles. It is observed here as a property of the explicit solution. 

^In what follows we will use a notation Td for T duality since in the context of charge conjugation C one may 
expect the symbol T to be associated with time reflection. 



20 



The YM fields fields for the massless monopoles are given in eqs. (^), ( ]86| ) with the harmonic 
functions defined in eq. (pS]). There is no special simplifications: the non-Abelian fields belong 
to the S0{4:) gauge group. This solution breaks one half of the supersymmetry of the heterotic 
string, and corresponds to (4,1) supersymmetric sigma model. 



E. The moduli matrix A4 



Thus we have listed here four special type of F & H monopoles. Two of them, H monopoles and F 
monopoles have the four-dimensional projection in which the metric and the dilaton are the same 
for both solutions and coincide with those of the extreme magnetic a = a/3 black holes 



dst 



-de + e-^^dx 



-4(7 



X 



2M 
1 + , 



M = P/V2 



(94) 



The difference comes in moduli Ai and in the vector fields since the right-handed harmonic function 
is the same for both solutions but the left-handed one differs by the sign of the charge. For 
our case here the moduli metric Ad is given by 



(1) 



M 



\ 







£1 
.(1) 



(95) 



For the H monopole we have therefore for the non-vanishing component of moduli and vector 
fields 







M 



H 







1 + 



2M 



P 



/-I 



For the F monopoles the non-vanishing components of moduli and vector fields are 



1 + ^ 



Mf = mjI 







P 



+ 1 



+ 1 



(96) 



(97) 



The T self dual solution in four dimensional form becomes equal to the extreme a = 1 dilaton 
black hole: 



-df + e-^^'dx^ , 



e-^^ = X = e' 



2M, 



M = P/V2 {9t 



The moduli fields are constant and vector fields are only the right-handed ones. 

/ 

ll2 , 



M 



C.(K) 



r 



(99) 



Finally, the massless monopoles in the four- dimensional world are the ones whose metric and the 
dilaton are: 



ds. 



str 



-dt^ + e-^^'dx' 



M = 



(100) 
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There are some non- vanishing components of the moduh fields and and the vector fields are only 
the left-handed ones. 



F. Remark about the multi center case 

All our magnetic (Abelian) gauge fields are given by Dirac monopole solutions. As a consequence 
in order to formulate the solution consistently one has to remove the so-called Dirac-singularities. 
This is in principle not difficult, one has only to take care that it can be done for all centers 
simultaneously. We are describing this procedure in detail in the Appendix B. As result we find 
that for all F & H monopoles i) the position of the centers can be arbitrary, but all charges may 
differ only by the sign and for the other cases ii) all centers have to line-up. For the second case 
the charges are arbitrary. By fixing the gauge one could also relax the line-up restriction, but not 
in a gauge invariant way. The two-center solutions can always be placed on a line, therefore there 
are no restrictions. The subtlety is relevant starting from three centers. 

As we have already pointed out above, we have fisted here four particular special cases of F & 
H monopoles. The singularities of these solutions have been studied before. The — massless 
monopoles and = 1 F & H monopoles are singular in four- dimensional geometry. The majority 
of solutions, i.e. the generic = 2,3,4, .. . solutions have an arbitrary non-vanishing values of 
F and H and are non-singular bottomless holes from the point of view of the four dimensional 
stringy geometry. 



6 Discussion 

The large family of monopole solutions described in this paper provides an interesting area of study 
of non-perturbative effects in supersymmetric gravity. The fact that these configurations have a 
non-trivial Euclidean geometry on an eight dimensional manifold has made these new solutions 
a most interesting objects realizing the relations between unbroken space-time supersymmetry and 
world-sheet supersymmetry. The role of SO (8) gauge group with its particularly remarkable rela- 
tions between vector and spinor representations acquires a new and beautiful aspect when applied 
to supersymmetric stringy monopoles. The unique property of such monopoles to admit complex 
structures in the corresponding sigma models is related immediately to the fact that the space-time 
Killing spinors for magnetic configurations are constant in the stringy frame. Therefore we have 
observed the enhancement of world-sheet supersymmetries for all stringy monopoles which live on 
the Eucfidean manifold. These monopoles, although discovered as a soliton type solutions of 
the classical field equations of supergravity seem to have the most stable properties concerning the 
quantum corrections. The supersymmetry in the space-time as well as the supersymmetry at the 
world-sheet are free of anomalies. The supersymmetric non-renormalization theorems do not have 




(101) 
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any obvious obstructions and therefore the monopoles give us an example of rather rehable 
non-perturbative BPS states of the superstring theory. 
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7 Appendix A: Spin connections 



Now we define the vielbeins. The zehnbein can be written as 





M 



I e\ 

e\ 



(102) 



The curved three dimensional indices are underlined. The same can be rewritten as 

= E^MdX^^ = {e° = dt ,e' = e\_dx'- , E^ = E^'pA^^^'^idx'- + E^dx""} 
The corresponding vierbeine are given by 

e\ = l .. 

The six- dimensional vielbein is defined in terms of our 12 harmonic functions as 

1 



'1 



\ 



\x 



R\2 



)xUa + XpXa 



(103) 



(104) 



(105) 



The inverse quantities are: 



I X I 



E' 



5., + ^^ 1(1 



\X 



R\ 



\ 



1 2 

1 - ^)XaXp - XaXp 



\x 



R\2' 



The results for the metric spin connection one-form consist of three type of terms representing the 
50(3) rotation Mt*^! , the SO{Q) rotation M^"^] and the non-diagonal terms M^"^. 



Wa, = Fiu^'E^^e'^ -]^Ea''e^''5,K\G^p)E^,E' 
All components of spin connection related to the boosts are vanishing: 



(106) 
(107) 
(108) 

(109) 



To calculate the tangent space three form Habc we will use the expression for the curved space 
three form and the zehnbeins 

(110) 



Habc — J^a J^b J^c -n. 



MNL 



where H 



MNL 



3d[MB]\iL] and the components of the two-form Bmn are defined in eq. 
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For all monopoles HtNL = 0. It follows that 

Hqbc = Hqb = HqbcE^ = (111) 

We will get 3 types of terms for HabcE'-^ . Since none of the indices in HabcE^ takes the value 
we could rewrite it as HjjkE^ . We will get 3 types of terms for it. 

Hij = HijkC^ + HijaE"' (112) 

Hab = Habk^^ + HabcE"^ (113) 
Hai = Haik^^ + HaicE'^ (114) 

For the one center solution only the term Hijk vanishes, for the multi center solution the situation 
is more complicated. Thus in general all components of Hjj are non-vanishing. 

There are two combinations of spin connection and three form which we need to know 

^^jj = Wjj±Hij (115) 

They are both taking values in 5*0(9) group, in general. For some particular solution they may 
take values in much smaller groups which are subgroups of SO {9) but they do not need more than 
50(9) and since there are no boost components in neither metric spin connections nor in the three 
forms, this concerns both generalized spin connections VL±ij. 



8 Appendix B: Multi center solutions 

Here we are going to discuss possible restrictions for parameters of the multi center solution. We 
consider for simplicity the monopoles presented in Sec. 5 . The solution is defined in terms of 
two harmonic functions. To describe a multi center solution we take these harmonic functions in 
the form 

fc+l F k+1 H 

' " rtf /■>'' ' " />'■ rtf 

s=l \ '^S\ s=l \ '^S\ 

where Xs are the positions and Ps are the charges of the centers. For the gauge fields in the 
multi-center case we can also make an ansatz as a sum over different one-center solutions 

^(1/2) ^'^'^(1/2) _ (^^7) 
s=l 

We are describing here Dirac monopole solutions which are globally not defined. To remove the 
Dirac singularities one has to introduce for every center two different coordinate patches. In each 
of them one defines the gauge field without a singularity and finally one has to glue together all 
patches. For one center the different gauge fields are then given by ||31] 

^i'^'^ = ^T-J^ ^ - dx-ix- Xs) dy) = -pf /^)(Tl + cos^,)rf0, (118) 
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where = (x — XsY + {y — VsY + {z — Zs)"^ and Og and 0s are the angular variables of the center 
s. For every gauge field we have a "+" and a "-" part which are singular for = or vr and we 
have to take the non-singular one in the different patches. In the overlapping region both parts 
are connected by a gauge transformation which is equivalent to a shift in the coordinates (see 
dl) and also ||) 



4 , _4 F 



UtpUs- (119) 
(the "=f" ambiguity comes from the fact that one can approach the overlapping region from two 
different patches). Since we have to identify the field configuration in the overlapping region we 
find that has to be periodic with the period of 27rpf which means that the x^ direction is a circle 
with the radius pf . This has to be done for every center. This procedure can be done only if the 
compactification radius of x^ is the same for all centers. Otherwise one could not put together all 
the the different coordinate patches for all centers. But since the period or radius of the x^ differs 
if the magnetic charges differs from center to center we get the result that all magnetic charges 
are the same up to a sign or zero, i.e. 

pf = /^f , = 0,±1 (120) 

There is a second possibility to remove all Dirac singularities consistently. Namely if all centers 
are on a line, e.g. if Xs and Us are equal all centers line-up parallel to the z-direction. Then 
we can introduce for all centers the same coordinate system with the same angular variable 0, 
A'^^'^dx = Alp^d(f). Consequently, the periodicity condition for x^ is now given by 

x^ ~ x^ + (121) 

where = EstlPs, the total magnetic charge. Again the x^ direction is compactified on a circle 
with radius proportional to the total magnetic charge. 

These results were related to the fact that A^^^ was the KK gauge field in the metric and thus 
restricts the pf . A simple T duality, however, exchange both gauge fields A^^^ and A^"^^ and thus 
yields the same restrictions for pf as well. 

To summarize, in order not to have Dirac singularities in the metric we have two possibilities 
i) all centers have up to the sign the same magnetic charges (or zero) p^ and p^, or ii) all centers 
have to line-up. For the harmonic functions for the multi center solutions this means 



(1) = + r}F yk+l (2) ^ (2) , H y-k+l yf 



(1) - + y-fc+l Ps y(2) _ ^(2) , y-fc+l 



where 77^ = 0, ±1. In both cases the x^ coordinate has to be compact. Obviously, the two-center 
case falls into the second possibility. The first non-trivial case are three centers. 



Now we turn to the question what do these restrictions mean for the torsion or antisymmetric 
tensor. We start with the calculations of the Chern-Simons term, which is part of the torsion in 
D = A. Using ([TTB|) and (|rT|) we find 



{Af^F'^i' + AY'F'^l' + cyd.perm.] 



(2) 



(123) 



eiji E 



St 



rs{z-Zs±ra) 



[(x - Xs)iy - vt) - (y- ys)ix - x*)] 
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Since our = 4 torsion has to vanish there are two possibihties. Either the Chern-Simons term 
and the antisymmetric tensor vanish each or they cancel against each other Q The Chern-Simons 
term vanishes under the two conditions: 



•\ F H F H 

PsVt = -Pi Ps /^24) 
ii) all centers line-up, i.e. Xg = Xt ^ ys = Vt'^ s,t . 

The first condition means that either pf or pf is identical zero for all centers, i.e. only F or H 
monopoles. The line-up condition ii) coincides with the condition ii) in ( |122| ). If these conditions 
are fulfilled we find that the D = 4 antisymmetric tensor has to be zero, too. Also the D = 5 
antisymmetric tensor (see footnote) is zero, since in the line-up case the gauge fields have only one 
unique 0-component and in the other case one gauge field vanishes. Thus, 

B,,=Bi,=0 , z,j = 1,2,3 (125) 

Finally, we have to investigate the possibility that the antisymmetric tensor part cancels the 
Chern-Simons part. This is in our case possible since for our gauge fields F^^^ A F^'^^ = 0. 

3d[mBnp] = 6(A«F(J} + AgF(;j) 

= e_,(AS^)a,x(^)+Ap)%«). 

This equation has a solution if the gauge fields are in the Coulomb gauge {diA^^^'^'' = 0) and we 
find 

i?np = enpKA^'^X^')+A^'^X^'^) (127) 

and inserting this expression into the D = 5 antisymmetric tensor (see footnote) yields 

K = enA^\^'^ + A?\^'^) - 2(A«Af - A«4^)) . (128) 

This procedure is possible independently on the positions of the centers, but it is somehow unsat- 
isfactory since it is gauge dependent (only for Coulomb gauge). The situation becomes even worse 
when we remember that the gauge invariance of KK gauge fields is related to general covariance of 
the 5-dimensional theory (translations in the fourth coordinate). From this point of view it seems 
to be that the multicenter solution is consistent in 4 as well as embedded in 5 dimensions only i) 
if one gauge field vanishes (i.e. F or H monopoles) or ii) if all centers line-up. In the last case the 
charges could be arbitrary whereas in the case of F or H monopoles it is necessary that all charges 
may differ only by a sign (to remove all Dirac singularities). 



''Note, the 4-dimensional torsion is given by Ig^l H^^^p = d^Byp — 2{Ap F^p' + Ap F^p') + cyd.perm,., with 
fiiy = Bpi^ + 2{Ap Au Au Ap ) 
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